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SUMMARY 
By t h e  use of orthogonal polynomials developed f o r  d i sc re t e  s e t s  of data,  
t h e  least-squares  equations f o r  determining the  optimized s t ress - rupture  para- 
metr ic  constants a r e  obtained i n  nearly uncoupled form; thus t h e  use of  high- 
degree polynominals i s  permitted without t h e  l o s s  of s ign i f i can t  f igures .  
Optimum values of t h e  constants can thereby be accurately obtained. The method 
i s  applied t o  t h e  da ta  obtained from t h e  German cooperative long-time creep 
program by using a general  parameter of which t h e  Manson-Haferd and Larson- 
Mi l le r  parameters a re  spec ia l  cases. Good cor re la t ion  w a s  obtained. An analy- 
s is  i s  a l s o  made of creep da ta  obtained for columbium a l loy  FS-85 with good 
r e su l t s .  A complete Fortran I V  computer program i s  included t o  a i d  those wish- 
ing t o  use t h e  method. 
INTRODUCTION 
One method of extrapolat ing short-t ime creep-rupture da ta  t o  pred ic t  long- 
time l i f e  involves the  use of a time-temperature parameter. This concept i s  
based on t h e  assumption t h a t  all creep-rupture da ta  f o r  a given mater ia l  can be 
cor re la ted  t o  produce a s ing le  "master curve" wherein t h e  stress ( o r  log stress) 
i s  p lo t t ed  against  a parameter involving a combination of time and temperature. 
Extrapolation t o  long times can then be obtained from t h i s  master curve, which 
can presumably be constructed by using only short-t ime data. Three well-known 
parametric methods are t h e  Larson-Miller, Manson-Haferd, and Dorn parameters 
(refs. 1 t o  3). These parametric methods have t h e  g rea t  advantage, a t  l e a s t  i n  
theory,  of requiring only a r e l a t i v e l y  s m a l l  amount of da ta  t o  e s t ab l i sh  t h e  
required master curve. 
More recent ly  a general  creep-rupture parameter w a s  introduced by one of 
t he  authors ( r e f .  4) t h a t  includes most of t h e  cur ren t ly  used parameters as 
spec ia l  cases. The ana lys i s  i n  t h e  present paper i s  therefore  based on this 
general  parameter. 
A significant advance in the practical application of the parametric 
methods was the development of an objective least-squares method for determin- 
ing the optimum values of the parametric constants without plotting and cross- 
plotting the data and without the use of judgment on the part of the analyst 
(ref. 5). This least-squares method involves, however, several practical dif- 
ficulties that arise from the fact that in fitting the master curve by a poly- 
nomial, the set of linear algebraic equations for the coefficients (the normal 
equations) are very ill-conditioned. 
shown to be related to the Klbert determinant (ref. 6), which rapidly ap- 
proaches zero as its order increases. Thus for polynomials above the second 
degree, it is necessary to use double-precision arithmetic (16 significant 
digits or more) on the computer, and for the fifth degree and above the results 
become uncertain even with double-precision arithmetic. This difficulty is 
inherent in the normal least-squares equations and is not limited only to the 
stress -rupture problem. 
The determinant of these equations can be 
The present report presents a method for avoiding the above difficulty by 
using orthogonal polynomials in the representation of the master curve (appen- 
dix A). The use of orthogonal polynomials for representing discrete sets of 
unequally spaced data is described in reference 6 and in more detail in refer- 
ence 7. A further improvement can be obtained by performing a linear trans- 
formation on the stresses (or the logs of the stresses) so that all the values 
of stress (or log stress) lie between 2 and -2, as recommended in reference 7. 
As a result of these innovations, it became possible to perform all the compu- 
tations in single-precision arithmetic (eight significant digits) up to 18th 
degree polynomials without appreciable round-off error. 
In addition, this report contains a complete analysis, in which the gen- 
eral parameter was used, of all the data for three steels that were obtained by 
NASA through the cooperation of Dr. K. Richard of Faberwerke Hoechst in 
Frankfurt and that were investigated in a long-time cooperative creep program 
in Germany. Some of the data from the latter investigation are included in this 
paper. 
Finally it is shown by means of a concrete example how the parameter tech- 
niques can be applied to creep data to predict long-time creep. For this pur- 
pose the data for columbium alloy FS-85, as reported in reference 8, are used. 
A complete Fortran IV program, as used on the IBM 7094 computer in making 
the calculations, is presented in appendix B. This program can be used for the 
objective analysis of any set of creep-rupture data by the Larson-Miller, 
Manson-Haferd, or the more general parameter of reference 4. 
SYMBOLS 
A, B linear transformation coefficients 
a,b,c elements of coefficient matrix 






















degree of freedom 
degree of polynomial 
number of data points  
creep-rupture parameter 
polynomial 
s t r e s s  exponent 
temperature exponent 
sum of squares of res idua ls  
temperature 
temperature in t e rcep t  
time t o  rupture 
time in te rcept  
coef f ic ien t  of polynomial function 
scaled log  s t r e s s  
log s t r e s s  
log  time 
log time in te rcept  
constants from recurrence r e l a t i o n  
s t r e s s  
o'(T - Ta)r  
Subscripts : 




The general  creep-rupture parameter introduced i n  reference 4 has t h e  f o l -  
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lowing form 
log t -- lnp. t a 0 -- I 
where Ta, log  ta, q, and r a r e  mater ia l  constants t o  be determined from t h e  
avai lable  experimental data. The parameter P(o) i s  a function of t he  s t r e s s  
and, when p lo t t ed  against  stress, i s  re fer red  t o  as a master curve ( f ig .  1, 
p. 9 ) .  If q = 0 and r = 1, the  Manson-Haferd parameter i s  obtained. If 
q = 0, r = -1, and 
q = 1 and r = 1, t h e  stress-modified parameter suggested i n  reference 9 i s  ob- 
tained. Finally,  i f  q = 0, equation (1) reduces t o  t h e  parameter proposed by 
Manson and Brown ( r e f .  10). 
Ta = -460' F, t h e  Larson-Miller parameter r e su l t s .  If 
The object  i s  t o  f ind  t h e  bes t  values of t h e  constants q,, l og  ta, Ta, 
and r so  t h a t  t h e  master curve bes t  f i t s  t h e  data.  To f i n d  these  values, t h e  
method of l e a s t  squares i s  used whereby t h e  master curve i s  represented by a 
polynomial i n  t h e  logarithm of t h e  s t r e s s ,  and t h e  bes t  f i t  i s  obtained by mini- 
mizing t h e  sum of t h e  squares of t h e  deviat ions ( the  res idua ls )  of t h e  da t a  
from t h e  curve. The ca lcu la t ion  procedure w i l l  now be described. The d e t a i l s  
of t he  der ivat ion are given i n  appendix A, and a Fortran I V  computer program 
using t h i s  method i s  given i n  appendix B. 
Calculation Procedure 
To simplify t h e  notation, t h e  following symbols a r e  introduced: 
( 3 )  
I T E o ~ ( T  - Ta)r  y = log  t x = log 0 ya E log t a  
Then from equation (1) it follows t h a t  
Y = o%a + TQ(X) 
where i n  reference 5, Q(x) w a s  represented by a simple polynomial of t he  form 
Q ( X )  = + alx + a2x2 + . . . + a,mxm (4)  
The least-squares  equations obtained sometimes l e d  t o  d i f f i c u l t i e s  as indicated 
i n  t h e  INTRODUCTION. These d i f f i c u l t i e s  can be avoided, however, by rewri t ing 
equation (4)  i n  terms of polynomials t h a t  are orthogonal over t he  s e t  of data ,  
as defined i n  appendix A. Thus assume 
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where u j  is  an unknown constant,  m i s  t h e  degree of t h e  highest  degree 
polynomial, and Q.(x) i s  a polynomial of degree j - 1 t h a t  s a t i s f i e s  t h e  
orthogonality conditions described i n  appendix A. The use of orthogonal poly- 
nomials permits t h e  so lu t ion  of t h e  least-squares  equations d i r e c t l y  i n  closed 
form, thus t h e  loss of a l a r g e  number of s ign i f i can t  d i g i t s  i s  avoided. 
method of ca lcu la t ing  Q j  w i l l  be discussed i n  appendix A. 
m + 5 
unknown constants r e s u l t s  f o r  t h e  case of t h e  general  parameter. For t he  case 
of t h e  l i n e a r  parameter t he re  are m + 3 constants,  and f o r  t h e  Larson-Miller 
parameter t h e r e  are m + 2. It i s  necessary t h a t  t h e  number of da t a  poin ts  n 
always equals or exceeds t h e  nurhber of unknown constants. 
J 
The 
If equation (5) i s  subs t i t u t ed  i n t o  equation (3), an equation with 
The constants a r e  determined so t h a t  equation (3) f i t s  t h e  da ta  bes t  i n  
t h e  least-squares  sense. To accomplish t h i s ,  t he  sum of t h e  squares of t he  
deviat ions i s  minimized; t h a t  i s ,  
n 
i s  made a minimum. Because t h e  equations a re  nonlinear i n  some of t h e  unknown 
constants a t r i a l  and e r r o r  procedure must be used. A set of values i s  assumed 
f o r  q, r, and Tat and t h e  corresponding b e s t  values of ya and u j  a r e  de- 
termined. A d i f f e ren t  s e t  of values f o r  q, r, and Ta i s  then chosen, and 
again the  b e s t  values of ya and u j  a r e  calculated.  Several  s e t s  of values 
of q, r, and Ta a r e  t r i e d ,  and t h e  values corresponding t o  t h e  ove ra l l  bes t  
f i t  a r e  determined. For t h e  case of t h e  l i n e a r  parameter, only the  value of 
Ta i s  var ied (q  i s  always equal t o  zero, and r i s  always equal t o  1). For 
t h e  Larson-Miller parameter, Ta i s  equal t o  -460' F, and no t r ia l  and e r r o r  
procedure i s  needed. 
As a measure of t h e  f i t ,  t h e  standard deviat ion D, defined by 
i s  used, where K equals 
m + 5  general  parameter 
m + 3  l i n e a r  parameter 
m + 2  Larson-Miller parameter 
The smallest  value of D w i l l  correspond to t h e  b e s t  f i t .  
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To determine t h e  b e s t  values of ya and U j  f o r  a given s e t  of values of 
T, q, and r, t h e  following ca lcu la t ions  are made. F i r s t ,  t h e  logarithms of 
t h e  s t r e s s e s  a r e  sca led  so  t h a t  they l i e  i n  t h e  range -2  t o  2, as suggested i n  
reference 7. The reason f o r  t h i s  i s  discussed i n  appendix A. Thus def ine  a 
va r i ab le  X by 
X = A x + B  ( 9 4  
4 
%ax - %in 
A =  
%ax + xmin 
%ax - %in 
B = -2  
The polynomials Q j ( q )  a r e  now ca lcu la ted  f o r  each of t h e  data poin ts  by 
using t h e  following formulas: 










where n i s  t h e  number of da t a  points,  Y i s  t h e  sca led  value of l og  f o r  t h e  
ith d a t a  point,  and ~i i s  equal t o  &(Ti - Ta)r f o r  t h e  ith data point f o r  
t h e  chosen values of Ta, q, and r. 
It i s  t o  be noted t h a t  t h e  degree of t h e  polynomial Q(x) of equation (5) 
can be increased by merely computing t h e  next polynomial i n  t h e  s e r i e s  
without having t o  recompute any of t h e  previous ones. This i s  one of t h e  ad- 
vantages of using orthogonal polynomials. 
%+2 
Once t h e  values of Q j  have been computed f o r  each of t h e  da t a  points,  







co = c a;yi 
i=l 




Note t h a t  i f  q = 0, a. equals t he  number of da ta  points  n. Thus by means of 
equations ( 9 )  t o  (12), t h e  bes t  values of Y a  and U j  t o  f i t  t h e  da ta  are 
found f o r  a given choice of Ta, q, and r. The Fortran I V  program described 
i n  appendix B automatically scans all the  desired values of Ta, q, and r and 
chooses t h e  bes t  set from all t h e  submitted values as determined by t h e  s m a l -  
l e s t  value of t h e  standard deviation D, as defined by equation ( 7 ) .  The 
method can be i l l u s t r a t e d  by a simple example: consider a s e t  of t heo re t i ca l  
data ,  which f i t  t h e  following equation exact ly  
7 
9'5 - log = 7.02 + 0.467 x + 0.061 x2 + 0.00928 x3) 
T - 600 
Eight da t a  points  s a t i s f y i n g  t h i s  equation are given i n  columns 2 t o  6 of 
t a b l e  I. For this d a t a  Ta = 600' F and log  t a  = Y a  = 9.5. Suppose, however, 
t h a t  t hese  e igh t  d a t a  poin ts  were obtained experimentally and t h a t  t h e  values 
of Ta and l o g  ta were not  known. The problem then i s  t o  f i n d  t h e  b e s t  
values of Ta and log  t a  t o  f i t  t h e  d a t a  by t h e  l i n e a r  parameter. These 
values can r ead i ly  be  found by using t h e  equations of t h e  previous sect ion.  
F i r s t ,  from column 6 of t a b l e  I 
( log  O)max = 4.75051 
( log  a)min = 1.81954 
Theref ore  from equations (9b) 
A = 1.36474 
B = -4.48319 
and by means of equation (sa) the  were computed and a r e  given i n  column 8. 
For i l l u s t r a t i v e  purposes th ree  values of Ta were chosen, 500°, 600°, 
and 700° F. 
Q j ( X i )  were computed by means of equations (Z), (lo), and ( l O a 3 ,  and t h e  values 
of aj, b j ,  and c j  were computed by equations (11). The r e s u l t s  are tabu- 
l a t e d  f o r  
t h i r d  degree polynomial. 
For each of t hese  values of Ta, values of T i ,  CL., p j ,  and 
Ta = 600° i n  columns 9 to 1 2  of t a b l e  I and i n  t a b l e  I1 up t o  a 
The values of Y a  and u j  were then computed by using equations ( 1 2 )  f o r  
each of t hese  t h r e e  values of Ta by f i r s t  assuming m = 2, then m = 3, and 
f i n a l l y  m = 4, corresponding to polynomials of second, t h i r d ,  and four th  de- 
grees ,  respect ively.  For each of these  cases t h e  standard deviat ion D w a s  
computed from equation ( 7 )  with S being given by equation (6 )  and Q by 
equation (5). The r e s u l t s  a r e  summarized i n  t a b l e  111. The l e a s t  value of D, 
s ign i fy ing  t h e  bes t  fit, is  obtained f o r  m = 3 and T a  = 600° F. The cor- 
responding value o f .  ya i s  9.5. These values,  of course, correspond to equa- 
t i o n  (13), from which t h e  da ta  were generated. 
Application to D a t a  from German Cooperative Long-Time Creep Program 
As p a r t  of t h e  German cooperative long-time creep program, a s u f f i c i e n t  
amount of material of each of t h ree  s t e e l s  w a s  supplied t o  NASA t o  permit t h e  
running of short-t ime t e s t s  necessary t o  pred ic t  t h e  r e s u l t s  at long t i m e s  ob- 
ta ined  i n  t h e  German tes t  program. 
t a b l e  IV.  
The composition of these  s t e e l s  i s  shown i n  




Parameter, P = (T - xw))/(log t - 16.54) 
Figure 1. - Master cu rve  for steel K (27b KK), calculated 
f rom NASA data between 10 and 3700 hours.  
are shown i n  t a b l e  V. Table V I  shows t h e  
results of t h e  long-time German tes t  pro- 
gram. The th ree  steels w i l l  be designated 
b r i e f l y  as steel  K, s teel  C y  and s t e e l  P. 
With t h e  use of t h e  t es t  da ta  shown 
i n  t a b l e  V a complete ana lys i s  w a s  made 
by t h e  previously described method. The 
general  parameter discussed i n  t h e  
INTRODUCTION w a s  used, and t h e  bes t  values 
were obtained f o r  t h e  parametric constants 
f o r  each of t h e  three s t ee l s .  
Al l  t h e  da t a  obtained f o r  these  
steels are shown i n  t a b l e s  V and V I .  
Many of t h e  da t a  poin ts  were obtained f o r  
purposes other  than t h e  appl icat ion to 
time-temperature parameters, as described 
i n  t h i s  report .  As already discussed i n  
references 4 and 11, a much smaller 
amount of da ta  i s  needed when an accel-  
erated program i s  desired; however, s ince 
these  da ta  were already avai lable ,  all the  
da ta  indicated i n  t a b l e s  V and V I  were 
used t o  obtain t h e  bes t  possible  para- 
metric constants. 
For a l l  th ree  steels t h e  ana lys i s  showed t h e  s t r e s s  exponent q to be 
zero, but t h e  temperature exponent r t o  be d i f fe ren t  f o r  each of t he  three  
materials. For s t e e l  K t he  bes t  value of r w a s  1, which indicated t h a t  t h e  
bes t  f i t  i s  obtained by t h e  l i n e a r  parameter. For steel  P a value of  r of 
-1 w a s  obtained, which indicated a parameter s i m i l a r  to t h e  Larson-Miller param- 
e t e r ;  however, t h e  corresponding value of Ta w a s  200' F r a t h e r  than -460° F 
used i n  t h e  Larson-Miller parameter. For s t e e l  C t h e  value of R w a s  2.5. 
Figure 1 shows t h e  results f o r  steel  K. Here t h e  master curve cons is t s  of 
a p l o t  of s t r e s s  against  t he  optimized parameter (T - 300)/(log t - 16.54). 
Figure 2 shows t h e  isothermals computed by using t h e  optimized parameters, 
as shown on each of t n e  f igures .  The range of t h e  NASA da ta  used t o  obtain 
these  parameters i s  also shown on each of t h e  figures.  The da ta  points  shown 
a r e  t h e  German results obtained to date. Tne predict ions up to 100 000 hours 
from t h e  NASA data  based on t h e  optimized parameters agree wel l  with t h e  
German data, if s c a t t e r  and differences i n  t e s t i n g  technique between t h e  two 
organizations are considered. 
Figure 3 shows a comparison f o r  each of t h e  t h r e e  steels between t h e  bes t  
l i n e a r  parameter, t h e  bes t  Larson-Miller parameter, and t h e  bes t  general  param- 
e t e r .  Although f o r  some of t h e  steels fa i r  agreement can be obtained with one 
or t h e  o ther  of these  parameters, it i s  c l ea r  t h a t  t h e  general  parameter is  
superior  when d l  t h e  materials are considered jo in t ly .  If any one of t h e  
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100 102 104 1 
0 
(a) Steel K (27b KK); parameter, 
P = (log t - 16.54)/(T - 300). 
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Time, h r  
(b) Steel C (23b CK); param ter,  (c) Steel P (14a PA); parameter, 
P = (log t - 8.87)/(T + P = (T - 2OO)(log t + 11.13). 
F igure  2. - Analysis of German steel data by general ized parameter w i t h  o p t i m u T  constants (where  T is temperature, and t is t i m e  to rupture).  
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(c) Steel P (14a PA). 
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Temperature, T, OF T - 1400 Parameter, P = - log - ~ t - 5.76 
(a) 5-Percent strain.  (b) Master cu rves  obtained for I-, 2-, and  5-percent strain. 
Figure 4. -Ana lys i s  of creep data for  columbium al loy FS-85 by l i nea r  parameter. 
parameter would appear t o  be t h e  bes t  choice. 
Application t o  Creep D a t a  
Although t h e r e  i s  no fundamental reason why t h e  same parameter i s  capable 
of representing both creep and rupture  da ta ,  it has nevertheless been found 
empir ical ly  ( r e f s .  1 and 2 )  t h a t  t h e  dual r o l e  of t h e  same parameter leads t o  
reasonable r e su l t s .  Experimental data f o r  creep a r e  much more l imi ted ,  however, 
than t h a t  f o r  rupture ,  and such da ta  tend t o  contain more s c a t t e r ;  hence, 
ana lys i s  of creep da ta  by t h e  parametric approach has been l imi ted  i n  t h e  past .  
The method of t he  present  repor t  can be applied d i r e c t l y  t o  creep d a t a  
without any change. A l l  t h a t  i s  necessary i s  t o  redef ine t as t h e  time t o  
a t t a i n  a spec i f ied  amount of creep r a t h e r  than as t h e  rupture  time. 
i s  assumed t h a t  f o r  a given amount of creep, say 1 percent ,  a p l o t  of log  CT 
agains t  a parameter, such as t h a t  given by equation (1) , w i l l  produce a s i n g l e  
master curve. For a d i f f e r e n t  amount of creep, say 5 percent,  a d i f f e r e n t  
master curve can be obtained, but  it i s  assumed t h a t  t h e  parametric constants,  
such as log t a  
t a ined  from rupture  data.  
Thus, it 
and Ta, remain t h e  same and t h a t  they equal t h e  values ob- 
Calculations of t h i s  type were performed for columbium a l loy  FS-85. The 
creep t e s t s  were l imi t ed  t o  runs of approximately 1000 hours; t h e  da ta  a r e  
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given i n  t a b l e  'm1, as taken from reference 8. Figure 4(a)  shows t h e  data f o r  
5-percent creep s t r a i n ,  and f i g u r e  4(b)  shows t h e  master curves obtaFned for 
1-, 2-> and 5-percent s t r a i n  as well  as t h e  parametric constants obtained by 
t h e  method of t h i s  repor t .  While s c a t t e r  i n  t h e  creep d a t a  i s  high, t he  cor- 
r e l a t i o n  must be regarded as good. I n  general ,  t h e  poin ts  agree well with t h e  
master curve. 
Although these  r e s u l t s  are encouraging, much more work i s  necessary before  
it can be concluded t h a t  t h e  parametric approach i s  completely va l id  f o r  creep 
data.  If it i s  eventual ly  concluded t h a t  t h e  parametric approach i s  v a l i d  f o r  
creep da ta  and i n  p a r t i c u l a r  t h a t  t he  parametric constants  a r e  t h e  same f o r  
both the  creep and rupture  processes, it i s  obvious t h a t  a g rea t  saving i n  t e s t  
f a c i l i t i e s  and t e s t  program planning w i l l  r e s u l t .  It the re fo re  seems very 
worthwhile i n  f u t u r e  s tud ie s  t o  give more a t t e n t i o n  t o  t h e  cor re la t ion  and 
extrapolat ion of creep da ta  by the  parametric method. 
Lewis Research Center, 
National Aeronautics and Space Administration, 
Cleveland, Ohio, May 3, 1935. 
12 
APPENDIX A 
ORTHOGONAL POLYNOMIALS AND LEAST-SQUARES DEFERNDI"I0N 
O F  PAl3AMETFiIC CONSTANTS 
A se t  of polynomials Qj(x) are s a i d  t o  be orthogonal over an i n t e r v a l  
with respec t  t o  t h e  weighting funct ion 
r e l a t i o n  
z(X) i f  they s a t i s f y  t h e  following 
Simi la r ly  a s e t  of polynomials can be defined t o  be orthogonal over a set  of n 
d i s c r e t e  poin ts  xi by t h e  following r e l a t i o n  
It can be shown (ref .  6 ) ,  t h a t  all orthogonal polynomials s a t i s f y  a three-term 
recurrence r e l a t i o n  of t h e  form 
Thus by s t a r t i n g  with Ql = 1 and p1 = 0 an i n f i n i t e  set  of orthogonal poly- 
nomials can be generated by means of equation ( A 3 )  i f  values f o r  % and Pk 
are known. 
(Al) o r  (AZ)). From the  r e l a t i o n  ( A 2 )  it follows that  
These can be determined from t h e  or thogonal i ty  conditions (eqs. 
i=l 
and 




When t h e  or thogonal i ty  condition (A2) i s  used, equations (&a) and (A5b) reduce 
to 
i=l 
Solving equations (A6) f o r  and pk gives  
i=l 





'k = n 
i=l 
Thus a s e t  of orthogonal polynomials can be generated t h a t  are orthogonal over 
a f i n i t e  set  of d i s c r e t e  values of t h e  variable x. Note t h a t  these  values 
need not be equal ly  spaced, a condition t h a t  is  obviously necessary f o r  stress- 
rupture  data. 
Scal ing of Polynomial Argument 
From t h e  recurrence r e l a t i o n  (A3) with Q1 = 1, it follows t h a t  t h e  lead-  
i ng  term of Qk+l(xi) i s  xi. k Therefore, depending on t h e  values of xi, t h e  
values of This procedure can 
l ead  to a loss of s ign i f i can t  f i gu res  i n  performing t h e  calculat ions.  It i s  
shown i n  reference 7, by comparison with t h e  Chebyshov polynomials, t h a t  if 
x i s  sca led  so t h a t  a l l  t h e  values of l i e  between 2 and -2, t h e  polynomial 
Qk+l(xi) can become very l a r g e  o r  very s m a l l .  
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values 
scal ing,  $e t  xmax be t h e  m a x i m u m  value of log a 
value of log a; then l e t  
Q . ( q )  w i l l  a l l  be of approximately uniform s ize .  To perform t h i s  
and %in be t h e  minimum 
-2 = kn + B 
and solving for A and B r e s u l t s  i n  equations (9b).  
It has been found i n  p rac t i ce  t h a t  scal ing the  values of x as indicated 
does indeed preserve t h e  s ign i f icance  of t h e  calculat ions.  
Least-Squares Procedure 
I n  terms of t he  orthogonal polynomials, equation (3) can be wr i t ten  
m + l  
Y = "qYa + 7 ujQj(X) 
j=1 
To f i n d  t h e  bes t  values of ya and u j  t h a t  f i t  t h e  data,  t h e  sum of  t h e  
squares of  t h e  res idua ls  i s  minimized. Thus l e t  
Then i n  order t o  f ind  t h e  values of ya and uj t h a t  will make S a minimum, 
S i s  d i f f e ren t i a t ed  i n  t u r n  with respect t o  ya and each u and t h e  r e su l t i ng  
equations a re  s e t  equal t o  zero. When t h i s  i s  done, t h e  following s e t  of equa- 
t i o n s  i s  obtained: 
jy  
7 % Y a  + a l U 1  + a2U2 + * * - + %+lUm+l = CO ?ya + blul + 0 + . . . + 0 = c1 




= cr%.Q.(Xi) j = 1 , 2 . .  . m + l  
“ j  I - l J  
i=l 
n 




c = ziyiQj(Xi) j = 1 , 2 . .  . m + l  
j 
i=l 
It is to be noted t h a t  t h e  only nonzero elements i n  t h e  coef f ic ien t  matrix of 
equations (A12) a r e  t h e  diagonal elements and t h e  elements of t h e  f irst  row and 
f i r s t  column. All t h e  o the r  elements are zero because of t h e  or thogonal i ty  
proper t ies  of t h e  polynomials used. This i s  one of t h e  major advantages i n  
using orthogonal polynomials. 
ments of t h e  f i rs t  row and f irst  column, except f o r  t h e  f irst  element, would 
a l s o  be zero; and t h e  equations would be completely uncoupled, each 
being computed completely independent of t h e  o thers ,  without t h e  necess i ty  of 
solving any sets of equations with t h e  r e s u l t a n t  l o s s  of s ign i f i can t  f igures .  
I n  t h i s  p a r t i c u l a r  case because of t h e  added constant Y a ,  t h e  equations are 
not completely uncoupled, bu t  they a r e  very near ly  uncoupled and can r ead i ly  
be solved. 
I n  t h e  usual  case of data f i t t i n g ,  a l l  t h e  ele- 
u j  
Thus for any equation af ter  t h e  f i r s t  
Subs t i tu t ing  i n t o  t h e  f i rs t  equation and solving for Y a  give immediately 
16 
APPENDIX B 
FORTRAN N PROGRAM 
B I D  Y A G 1 2 0 2  E g N t S T  KOL3CRTS9 J K .  - 1 4 0  M - S  - P A X  6 1 5 2  
B L I B S I O  CON I I N U C  
b I E J O t l  S U U R C E  



























































L U E E P / > T R E S S - K U P T U R E  P A R A M E T E K  P K O G K A M  P R K l  
P K M T  
P K P T  
DO S T A N D A R D  L , € V I A T I I - l N  P U k T  
K K  D E L R E F  O F  F R E E O U Y  P R M T  
K M  NUMt3ER OF V A L U E S  O F  M R E A L ,  P K P T  
K U  N U M B E R  OF V A L U E S  O F  I) R t A O  P R C T  
K K  FuUPlHCK UF V A L U E S  O F  H R E n U  P K P T  
K T A  N U M B E R  O F  V A L U t S  O F  T T A  K L A O  P R H T  
M U E t i R E E  P U L Y N U P I A L  P K P l  
IV N U M B E R  ( I F  D A l A  P O I N T 5  P K M T  
PP P A K A M E  T E Y  P R P T  
d S T R E S S  E X P U N t N T  PKMT 
Od P O L Y Y U V I A L  P K K T  
n T t M P E R A T U K F  t X P O N E N T  P R N T  
R A T I U  A B b ( Y - Y Y ) / D U  P K K T  
5 I LIMA 5 T R t S S  P K N T  
5 I t i d  S l u P A * * O  PI<MT 
T 1 I M t  P K M T  
T A  T I M E  I N T t f l C E P T  P K P T  
T A U  S I b M A * * O * I T T - T T A ) * * K  P K M T  
T A U S d R  T A U * * 2  PRCIT 
T I M k  C A L C i J L A T E d  T ( l O . * * Y Y )  P K M T  
T T A  P R M T  
X LUb  S I G N A  P K M T  
Y Lob T P U k T  
Y A  L U b  T A  PKMT 
Y Y  C A L C U L A T E 3  L U G  T P R M T  
P R K I  
A L L  L U A & T I T I E h  I h  C U M M U Q  W I T 1 4  THI5 PKUGRAlV, A"\L) T l l l S  P A P t l i  P H M l  
A ? :  P t P R k S F N T t O  B Y  T : i E  SAME 5YMt3C)L, W I T H  K F P t A T t t ~  P R M T  
L t T T t R h  I N D I L A T I ' \ I G  lrll- U P P t K  C A S t  A N U  I ; % t t K  L t l  I L H 5  4 E l  V U  \ P L L L L ' l - P A i < T  
O U T .  P R M T  
P K K T  
P K k T  
P K M T  
S E L E C T >  P A R A M E T E R  P R D D U C I N L  S M A L L E S T  R t S I O U A L  A h d  GUTPUT:, A P R M l  
C O M P L E T E  T A B L E .  K F S U L T S  O F  A L L  U T H t R  V A L U E S  A R F  S U M K A R I Z E D  I'd P K F i T  
A S H O A T E K  T A t r L E .  P K M T  
P K M T  
* ~ + * ~ + + ~ * + a + ~ ~ ~ ~ ~ f f * n C n r c a + , r + a  P R M T  
P R M T  
T l T L t  L A K D ~  VIOL)€ C A R D ,  A N D  F I V E  ( 5 )  S E T S  O F  D A T l i .  A T  T i l e  [NU UF P R K T  
E A C H  S t T  O F  u A T A  M J L T  d E  A C A R U  W I T H  T t i t  WURO ' t U U '  I N  T H E  F I R S T  P R P T  
M U S T  H A V E  t l L A N K S  I N  T H E  F I R S T  T H R E E  C O L U M N S .  L U L U h , \ h  7 3 - 8 0  A R E  P R M T  
1 N L O A E I ) .  P R K T  
P R M l  
T I T L E  - A N Y  A L P H A M E R I C  I i X F ! 3 K M A T I U N - - H E A D 5  t A C t i  P A G E  O F  U U I P U T  P R M T  
P K k T  
N O M E N C L A T U R E  I S  A S  F D L L O h ' S  P u K T  
Tr T E M P E R A T U K E  P n N i  
T Ef iP  E R A T U R  E I ii T t R C  t I' T 
V U  O G K A M  E X T R A P O L  A T E S CR E E P / S T K t S S - A  U P  1 UR L .)A I A U 5 1 ' U C  A 
P P =  ( Y / S 1 GMA * ' 0 - Y  A / ( T T-  1 T A 1 * * K  , 
G E I L E R A L I L E U  P A K A M t T t K  P r < r  I 
IHqtE COLUMN>. A L L  D A T A  C A ~ D S  ( E X C F P T I Y L  TITLE ANI) vni)E C A R D S )  P R V T  
M O D E  C A R D  - b N E  D F  I t i R t i k  WORDS I N  C U L U M N 5  1 - 6 9  ' L A K S J N ' ,  ' L I N € A R ' p P R M T  
OR ' G E N R A L ' .  T t i I s  C A R D  DEFIYES ' K K ' ,  T ~ I E  D E G R E L  OF P K w i  
E U E E D O M ,  U S E D  I N  C A L C U L A T I N G  GUODNESS UF F I T .  P f i M T  
P R K I  


























































F O 2 M h l  ( 3 X , F l O . O 1 - - 5 0  V A L I J E S  M A X I M I J M  P R R T  > Y  
P R M T  60 
J A T A  S t T  Z - - V A L U E S  UF T t M P F E A T U K E  E X P O . \ l t Q T ,  2, TJ J E  I X V E b T I C A T F O  P K M T  ti 
UNE P E A  C A K I I - - F O K M A I  ( 3 X 9 F l O . O 1 - - 2 C  V A L U E S  H A X I M U M  P R M T  62 
P R K T  6 3  
O N E  P E R  C A K D - - F O R M A T  ( 3 X 9 F l O . O 1 - - 2 C  V A L U E S  f " lAXIPIUM P R P T  6 5  
P K M T  66 
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P K M T  7 0  
U A r A  j t T  5 - - L ) A T A  P O l U T 5  I N  THE O K D E K  T t M P t K A T U K t t  S T I I E S S ,  A N 3  P R P T  7 1  
1 I M E - - - c ) 1 u t  > €  r P L R  C A K D - - F U R M A T  1 3 X t 3 F l G . 3 )  P R M T  i 2  
T H t  V A L O E  U G  S T Y t S S  I S  A V T O M A T I C A L L Y  D I V I D E 0  r3Y 103C P R M T  73 
F O R  A L L  C A L C d L A T I U N S  E X C t P l  F I N U I N G  THE L O G  S T R L j S .  P R M T  14 
L O O  5 E T a  M A X I M I J M .  P K M T  75 
P R N T  7 6  
n * n a r n + a a a t r & t ~ F A T a x + a a c c + + c a r  ? & M T  7 7  
P R M T  7d 
L h C H  UF T H t  F I V E  S t l S  U F  iDATA M U S T  trE F U L L U W E D  6 Y  A C A R U  H A V I N G  P A N T  79 
T I i t  dud(;  E k D  IY T t 4 E  F I R b T  T h K E E  C O L J M N Z .  P K M T  PO 
A L L  ~ A T A  cAg,Js ( E x c t P r I x b  r I T L L  AND  MOO^ C A ~ D S )  Y U ~ T  H A V E  i r l ~  P R M T  0 1  
P K M T  8 3  
' d I T I 1 I N  E A C h  b E T ,  I I A T A  M A Y  -)E I N  A N Y  b R . I E t 7 .  1 1  H I L L  3E P X U C L S S C O  2 K C T  6 4  
I:\ T l i E  TJKDEg P K E S E I L T E O  T i )  THE M A C H I N E .  I't<E"T b 5  
P R K T  L O  
T H t  L A L C U L A T I O Y S  A t l t  P t R F O R M t O  1 U  F U U R  ( 4 )  L O O P b .  P K C . 1  8 7  
G U I N L ;  F R O M  I i U Y F S M O S I  T [ J  L I U T F K M L I S T ,  Lit L i J A N T I T I t S  A & E  V A ? I E 0  P R M T  t H  
It\ T H t  F U L L I J r l I N G  U R J E R  PREAT b 9  
L J E G K E ~  P C ) L Y N U I Y I A L t  M P R M T  4(1 
V A L U E  LJF T T A  P R M T  3i 
I E M P L R A T U K E  E x P U U t 8 r l T ,  c( P K M T  9 2  
> T d E S S  t X P O N t m V T t  LI P R M T  ' i 3  
P R M T  7 4  
T H E  U U r P U T  T A B L E S  U T I L I L t  L F S S  T!4A8\l 120  C 3 L U M N S  3'4 T r i E  P K I k T E R  P K M T  9 >  
Aha E X P E C T  :.ILI C A 3 R I A b E  C U N T R O L S  O T H E K  r H A l V  1, 0 ,  + A V O  d L A N K .  PRMT 96 
A L I f \ l E  C U J I V T t R  1 5  I I V C O R I ' U R A T E U  TU L I M I T  I J L I T P d T  1 3  69 L h t S  P t R  P K V l  3 7  
P A L E .  F O K  E A L H  U F d  P A C E  I H E  T I T L E  A N D  A P P K U P R I A T E  C G L U Y Q  H E A ' I I U G S  P K M T  3 r :  
P H M T  101; 
P A G t  C u U N T I N b  ANL) E : t K O K  T Y A P S  M U S T  i l E  P R O V 1 T ) E I )  t l Y  T t l E  O P E K A l I N b  P R E T  1 L l  
P K M T  l b 3  
PKlJG17AoY N I T t i  I d S Y S  AYD I O C > P l  d I L L  K U N  U N  A 1 6 K  M P C I I I U E  P K M T  1 3 4  
P R M T  I O 5  
P R M T  1 V b  
L O G  I C A L  T R b G i C l ,  T 9 G G A 2 ,  I R Z G 3  3 P R M T  1 u 7  
P K M T  lC'8 
d I V t 1 \ b l C &  T I l L E ( 1 Z ) , T A ~ L t I S , 1 1 O ) ~ I T t r L € l 6 ~ 1 1 0 ~  P H M T  I33 
P R M T I I C 
E U U I V A L E N C t  ~ l A ~ L € ( l t 1 ) , I T ~ L t ( l ~ 1 ) )  ?REIT 1 1 L  
P K M T  1 1 2  
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3 / C A L C / P P I ~ 0 0 ) , 9 A T 1 0 ( 2 0 0 ~ ~ T I M t ~ 2 ~ ~ ) t Y Y ( Z C O ~  P Y M T  116  
4 P K P T  1 1 7  
5 / P L Y h P 1 L / L l T , l t N l ( 4 7 2 1  1 t Y A , I I T t l E R Z (  6 3 )  P R M T  l i b  
PRPIT 1 I - J  
P R M T  121.. 
I N P U T  P R M T  1 2 1  
P K M T  1.2~ 
d.r l<ITt  (6,99941 P R M l  L L 3  
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S C A L  11 
S C A L  1.2 
S C A L  1 3  
S C A L  14  
S C A L  1 5  
5 C A L  1 7  
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TABLE I. - CALCULATION OF POLYNOMIALS FOR THEORETICAL DA!l?A FOR IMLRD DEGREE WLYNOMlY& 
[Temperature intercept,  Ta, 600' F. 1 
Stress ,  
0, 
p s i  
56 300 
1 9  800 
30 300 
5 080 






















3 1 4  


























































TABLE 11. - INTERMEDIATE CALCULA'LIONS FOR THEORETICAL 
DATA FOR THIRD DEGREE POLYNOMIAL 









l l 2  
Index, I a 
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-. 77354 -. 98133 
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TABLE 111. - FIT FOR SEXEFLAL VALUES OF LINEAR 
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TABLE I V .  - COMPOSITION OF STEELS RECEIVED 
FROM GERMAN COOPERATIVE LONG- 
TIME CREEP PROGRAM 
[&-received, 20-mm-diam. b a r  stock. 1 
Element 
Carbon 























Less than  
0.005 



























TABLE V. - NASA fi- DATA 
(a) S t e e l  K (27b KK) 
S t r e s s ,  
0, 

























































































S t r e s s ,  
0, 







































































? t r e s s ,  
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S t r e s s ,  
0, 





























































































































S t r e s s ,  
0, 
























S t r e s s ,  
0, 
p s i  
36 000.000 
12 000.000 





























Ti me ,  





























































lata point  i n  parametric analysis .  
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TABLE V. - Concluded. NASA FUPITRE DATA 




















































-. -. ~- 
Time, 
t, 



















































































































































8 000. ooc 
5 000.00c 
30 000.000 






































Data point used i n  parametric analysis. 
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TABU VI .  - GERMAN RUPTURF: DATA 































p s i  I hr 
Stee l  K (27b KK) 





S t e e l  C (23b CK) 
~ 
14 200.000 






5 1  200.000 
59 800.000 
11 400.000 
1 4  200.000 



























































S t ress ,  
0, 




a t e e l  C (23b CK) 
17  21 800 4 0 0 : O O O ~  000 1 100. 
21  400.000 
27 000.000 180. 
27 000.000 140. 
47 000.000 .loo 
;eel  P (14a PA) 
84 000.000 
75 500.000 






































































TABU3 VII. - CRFEP DATA FOR COLUMBIUM ALLOY FS-85 
~ 
S t r e s s ,  
0,  






















1-Percent  creex 
0 .6  
26. 
210. 
4 .9  









5 .6  
3 .4  





Time, t, hr 
















5-Percent  c reep  
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